This paper predicts the nonlinear relative motion of a cantilever with a tip mass and magnets based on a distributed-parameter model. The Kelvin viscoelastic model is used to account for the damping in the cantilever. Under the harmonic base excitation, the governing equation is deduced via a coordinate transformation linked to its static equilibrium. To qualitatively validate those results captured from the approximate methods, the finite difference method and the multi-scale method are respectively employed to determine the natural frequency and the steady-state response of forced vibration. It is analytically demonstrated that those modes uninvolved in a certain resonance actually have no effect on the response amplitude of the stable steady-state motion. The effects of forcing amplitude, viscoelastic damping, and tip mass on the steady-state response are detailed via the amplitude-frequency response curves. For the first time, the current works theoretically illustrated the conversion from the hardening-type behavior to the * Corresponding author.
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Introduction
Cantilevers are ubiquitous structures. It is often used in the vibration-based energy harvesters [Zhu et al., 2010] . Recently, some researchers are attempting to use magnetic forces to enhance the energy harvesting. Challa et al. [2008 Challa et al. [ , 2009 Challa et al. [ , 2011 designed several cantilevered harvesting devices with tunable resonant frequency in virtue of magnets. They focused on the tunable magnetic stiffness instead of the nonlinearity in the magnetic interaction. Erturk and Inman [2011] introduced a bi-stable piezomagnetoelastic energy harvester based on the magnetic model from Moon and Holmes [1979] . They employed nonlinear lumped-parameter equations to simulate the chaotic response with a qualitatively experimental verification. Wichenheiser and Garcia [2010] developed ferromagnetic structures close to the cantilevered device with tip magnetic mass and their numerical simulations theoretically demonstrated power harvesting performance improvement at low driving frequencies based on a harmonic base excitation. Two magnets are widely applied at the free end of a cantilever [Cottone et al., 2009; Andò et al., 2010; Ferrari et al., 2010; Stanton et al., 2010; Tang and Yang, 2012] . The magnetic force technique is useful to produce nonlinearity for other designs [Mann and Sims, 2009; Stanton et al., 2009; Zhou et al., 2013] as well.
Motion of a cantilever with nonlinear magnetic interaction is itself a significant problem. Naughton et al. [1998] extended the technique of silicon cantilever magnetometry to the regime of pulsed magnetic fields. Zheng and Zeng [2004] devised a partially covered sandwich cantilever beam and analyzed the sensitive interaction between the magnets and the sandwich beam. Considering a cantilever with tip mass, Pratiher and Dwivedy [2009] studied the effects of alternating periodic magnetic fields on the moderately large transversal swing. Han et al. [2011] designed an electromagnetic device and experimentally studied the parametric instability of a cantilever beam subjected to two electromagnetic excitations. In a given external magnetic field, Gysin et al. [2011] developed a theoretical model to determine the magnetic properties of ferromagnetic samples by means of a cantilever with an ellipsoidal magnetic particle mounted at the free end. Wang et al. [2011] constructed an experimental platform with a magnetic control system and dealt with the vibration control of an axially moving iron cantilever beam using the noncontact magnetic force. Zhang et al. [2013] numerically simulated the nonlinear dynamic responses of a cantilever conductive thin plate in complex magnetic field.
The present work focuses on theoretically modeling and analyzing the viscoelastic cantilever acted by a magnetic force and subjected to a base excitation. The force, serving as a nonlinear boundary, is modeled as a fractional function with respect to magnetic spacing. The goal pursued is the frequency response relation of forced vibration under a sinusoidal base motion. The evolution between the hardening-type behavior and the softening-type one is an interesting result.
Several approaches have been proposed for motion analysis on a cantilever with a nonlinear boundary condition. Tabaddor [2000] focused on the single-mode response of a cantilever beam near its fourth natural frequency via the method of multiple scales and then presented a revised theoretical model to predict the experimental results better by accounting for the elasticity of the boundary. Wolf and Gottlieb [2002] investigated the dynamic responses of a piezoelectrically actuated silicon cantilever under a nonlinear boundary condition. Turner [2004] analyzed the first two primary resonances of a cantilevered device with a nonlinear boundary condition due to the Hertzian contact. Hu et al. [2008] showed the principal resonance and the stability for the steady-state response of a cantilever with a Derjaguin-Müller-Toprov contact end. Chen et al. [2009] analyzed the vibrating cantilever in an atomic force microscope via an asymptotic approach and determined the steady-state responses in primary and sub-harmonic resonance. However, the above-mentioned analytical studies have neglected the modes uninvolved in the primary resonance. The effects of those modes have not been mathematically treated, although they were physically assumed to be negligible. This technical deficiency concerning the mode uninvolved in resonance will be tackled in the present work. The method of multiple scales [Nayfeh and Mook, 1979; Tabaddor, 2000; Wolf and Gottlieb, 2002; Turner, 2004; Hu et al., 2008] will be employed to examine the effects of the magnetic force, the proof mass and the viscoelastic damping on steady-state response. The finite difference method is used to examine numerically the analytical outcomes, as well as to measure directly the effect of the modes uninvolved in the resonance.
Section 2 establishes the governing equation of a cantilever structure with a nonlinear boundary condition. Section 3 develops the multi-scale method to solve the natural frequencies and modes, to determine the relationship equation between the exciting frequency and the steady-state response, and to estimate the effects of other modes on the primary resonance without internal resonance. Section 4 discusses some numerical examples based on the method of multiple scales, and demonstrates the evolution from the hardening-type behavior to the softening-type with increasing magnetic force. Section 5 develops the finite difference schemes to validate those analytical stable results. Section 6 shows the concluding remarks.
Mathematical Model
The layout of the oscillatory structure is presented in Fig. 1 . Mainly based on the model from Challa et al. [2008 Challa et al. [ , 2011 , a straight horizontal cantilever with one variable tip mass was intended to employ on the host structure. Compared with the cantilever length, the sizes of the tip mass are so small that it can be modeled as a point. Therefore mass rotation is neglected. The cantilever is assumed to be rectangular and uniform. One cylindrical permanent magnet is also connected to the free end of the cantilever. Meanwhile, the other same magnet is fixed to the device, perpendicularly aligned with the tip magnet on the cantilever as showed in Fig. 1 . The repulsive force between the two magnets is given as
where B m is the residual flux density of the magnet, A m is the common area between both magnets, L m is the length of the magnet, R m is the radius of the magnet, µ air is the permeability of air, and d is the variable distance between two magnets [Challa et al., 2008 [Challa et al., , 2011 . The cantilever is modeled as an Euler-Bernoulli beam [Erturk et al., 2009; Wichenheiser and Garcia, 2010] . ρ b and m b are respectively the density and the mass of the cantilever, L is the length, H is the height, W is the width, and I is the moment of inertial. The notation U is used to represent the transverse displacement, T is the time and X is the spatial coordinate along the center axis of the cantilever. The transverse motion is governed by a partial-differential equation
where a comma preceding X or T denotes the partial differentiation with respect to X or T , E is the Young's modulus of the beam, and Λ is the coefficient of dynamic viscosity based on the Kelvin model. The strain-rate damping accounts for the structural energy dissipation.
The base motion is assumed to be a sinusoidal translation. The nonlinear boundary conditions can be written as
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where m t is the tip lumped mass, B and Ω are respectively the amplitude and the frequency of the base motion. Constant D m is the initial distance between the two magnets when the cantilevered device is just set. At the free end, the viscoelastic damping leads to the transversal shear force terms.
Introduce dimensionless parameters
where η is the ratio of the tip mass to the beam mass, α is the dimensionless viscoelastic coefficient, d 0 is the ratio of the distance between the magnets and the length of beam when the device is at rest, and the equilibrium of the cantilever without magnetic force is approximately given aŝ
The dimensionless equation of motion and boundary conditions can be obtained as
where
Here C m is the coefficient of magnetic force, depending on the common area between two magnets. As the cantilevered device is usually in ambient environment of small amplitude, the area of the magnet may be approximately regarded as the common area. By consulting Challa et al. [2008 Challa et al. [ , 2011 
where A e represents the static displacementû(1) at the free end, which satisfies
Introduce a coordinate transformation under the harmonic fundamental vibration
The governing equation and boundary condition with respect to the relative displacement are, respectively
To study the steady-state response of forced vibration, the Taylor series expansion method was proposed to deal with the nonlinear boundaries. For the small deflection,
The following series expansion is valid:
Analysis via the Method of Multiple Scales
To determine a third-order uniform expansion of the steady-state response defined by Eq. (11) via the method of multiple scales, three time scales with a bookkeeping device ε was introduced [Nayfeh and Mook, 1979] .
where ε is a small parameter, T 0 is the fastest time scale depicting those motions occurring at a certain natural frequency, T 1 is a slow time scale, T 2 is a slower scale to describe the modulation equations of the amplitudes and phases because of possible resonance.
Instead of using the frequency of the excitation as a parameter, a detuning parameter σ is also introduced into the deviation of exciting frequency to the nth natural frequency.
which means that the steady-state displacement z(x, t) does not depend on the time scale T 1 . A third-order uniform approximation is sought in the form of
which means the relative displacement is small in the governing equations or in the real world. In order to balance the impacts of dynamic viscosity and external excitation, introduce the replacements of α and b with the bookkeeping device ε, respectively.
Substituting these replacements above into Eq. (11) finally yields three equations
for the order ε 2 , and
for the order ε 3 .
In order to study the effect of the adjacent mode on the nth primary resonance, the solution to Eq. (19) is supposed to have relations with the mth mode and can be expressed as
where cc stands for the complex conjugate of the whole preceding terms, and the frequencies can be computed by equating the following equation with zero [Hu et al., 2008] .
The kth modal function (k = n, m) with the normalization condition φ k (1) = 1 is directly written as
The following analysis is based on the condition without internal resonance. The solution to Eq. (20) can be written as
where the second-order modal functions are gained from
Then the solution to Eq. (21) is supposed to be in the form of
where NST is the abbreviation for nonsecular terms that will not cause an unbounded solution. Substituting Eq. (28) into Eq. (21) will yield
and
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where the dot indicates the time derivative with respect to the slow time variable T 2 . In order to avoid the secular terms in these equations above, multiplying Eq. (29) by the nth modal function, multiplying Eq. (30) by the mth modal function, and integrating the resulting equations with respect to x over the bounded interval [0, 1] will yield the desired solvability conditions. Combining with these boundary conditions (29b) and (30b), repeatedly applying the integration-by-parts to the solvability condition will yield
where the real variables are gained from
and the two integrals in relation to the kth mode are
Express the solution to solvability condition (31) in the polar form of
where both the amplitude and the phase angle with respect to the time scale T 2 are real. Substituting Eq. (34) into Eq. (31b) and then separating real and imaginary parts will yield
For a steady-state motion, the amplitude a m can be considered to be constant so that only trivial solution zero satisfies Eq. (35). It is also observed that the response amplitude from the mth mode will exponentially decay and it has little effect on the steady-state response at the nth resonant mode.
The application of the same procedures to the solvability condition (31a) yields the following real-valued modulation equations.
where the real phase angle is defined as
For a steady-state motion near the nth mode, the amplitude a m = 0 can be eliminated and both amplitude a n and phase θ n can be considered to be constant numbers so that a n is the solution of the following amplitude-frequency equation.
(αµ n a n ) 2 + λ n a n σ + 1 4 κ n a
After substituting Eq. (22) and Eq. (26) into the Eq. (17), the second-order approximation to the deflection at the free end of the cantilever is expressed as
Then εa n is the approximate amplitude A n of the steady-state motion at the free end of the cantilever. The even-power, nonlinear terms are responsible for drifting or steady streaming, which indicates that the oscillation is not centered at the static equilibrium (8) [Nayfeh and Mook, 1979] . Owing to Lyapunov stability theory and Routh-Hurwitz criterion, the stability of the steady-state solution can be determined by calculating Jacobian matrix of modulation functions (36) and its characteristic equation. Then the response amplitude will be stable if the following condition is satisfied:
Numerical Demonstrations of Analytical Results
The magnetic restoring force enables natural frequencies to be adjusted for varies in static displacement. Consider the dimensionless magnetic parameters as C m = 0.5084 and l = 0.004167. reaches a final threshold. If it is large enough for the distance separating both magnets at the tip of the beam, there will be no difference with that situation overlooking nonlinear magnetic interactions. It is also illustrated for the descending effects of the tip mass on the first two natural frequencies. A tip mass attached at the cantilever can improve the structural flexibility by reducing the natural frequencies to specific values. The effects of system parameters on the first two steady-state responses are demonstrated based on Eq. (38). It is well known that the nonlinear forced response in dynamical systems extremely depends on the exciting amplitude [Nayfeh and Mook, 1979] . Therefore the external excitation is the primary parameter of interest to investigate the jumping phenomena. and dashed lines depict the results with α = 0.001, α = 0.002, α = 0.003, respectively. Here, the horizontal axis in these figures is not the frequency but the detuning parameter which is the measure of perturbation relative to the linear natural frequency.
If the forcing amplitude is large enough, the nonlinear components will not be neglectable and the perturbation solution in the first resonance will deviate significantly from its linear solution. In addition to the improvement in the peak response amplitude, the bandwidth of high-energy stable solutions also increases as the amplitude of base excitation is increasing. The most common result in Fig. 4 is the decrease in the amplitude of the steady-state response, which is associated with an increase in damping. In addition, the increased damping has alleviated the jump phenomena in the first mode as shown in Fig. 4(a) . One noticeable observation is those unaltered results at the off-resonance frequencies.
Two interesting parameters that have been remained constant numbers in the foregoing investigation are the distance between two tip magnets and the ratio of the tip mass to the beam mass. The effects of the varying ratio on the frequency response curve are illustrated in For applications where the frequency of base motion is given and concentrated around one value, a high mass ratio would give a more peaked response around the first resonance, but in converse for the second or higher order resonance. The tip motion will be also strongly attenuated at the off-resonance frequencies. As a special case without magnets, Erturk et al. [2009] presented an experiment to demonstrate the effect of the tip mass on the displacement. Fig. 6 that two different trends appear in the frequency response curves between the first two modes. For the second resonance in Fig. 6(b) , the separation distance between two permanent magnets almost has no effect on the response curves. For the first resonance, the peak value increases versus descending distance between two magnets as shown in Fig. 6(a) . As d 0 = 1.0 approximately means the cantilevered structure without magnetic interactions, Fig. 6 illustrates the comparison between the linear and the nonlinear results. More effort was put into Fig. 7 for the larger magnetic interactions with smaller separation distance. Evolution of jumping phenomena is a result of significant interest from Fig. 7(a) displacement-frequency response curves for a certain range of the magnetic spacing. The evolution is provided by engaging the nonlinearity of the magnetic interactions. The large magnetic force results in the softening stiffness effect, which is the opposite of the hardening stiffness effect obtained for the lesser values of magnetic force. For a sinusoidal excitation, the hardening-type springs increase the amplitude for frequency up-sweeps whereas the softening-type springs enhance the bandwidth for frequency down-sweeps. The previous results concerning the effects of other parameters are still valid for the softening spring case. When the magnetic spacing decreases to a certain critical value 0.06, nonlinearity is going to fade out again because the effects of the quadratic and the cubic items will cancel each other. From Fig. 7(b) , it could be remarked that nonlinear attractor may offer the improved amplitude as compared to the linear case. The results can be potentially employed to enhance the amplitude of the steady-state response.
Validations of Analytical Results via Finite Difference
To obtain numerical simulations of the steady-state response successfully and measure their validities, a new variable velocity of motion needs to be introduced for the viscoelastic cantilever. Rewrite Eq. (11) into
where v(x, t) represents the velocity of a certain point on the beam. The stable steady-state response of forced vibration can be determined by solving Eq. (41) 
In present investigation, the chosen initial conditions are
where A 0 represents the initial deflection at the tip of cantilever. The resulting boundary conditions at the clamped end are
For the free end, the displacement values at the initial time should be dealt with according to the following equations:
When the cantilever is oscillating under the harmonic base excitation, the displacement values at the tip will be computed from Eq. (43a), and then the velocity at the free end can be computed from the following equations similar with Eq. (46):
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Choose the time step to be 0.00001 and the spatial step to be 0.02. For initialboundary-value problem (41), the rigorously mathematical conditions of numerical convergence and numerical stability are unavailable. However, one can change the temporal and the spatial steps in calculations to check the numerical convergence and the numerical stability in a practical sense. Actually, the numerical solutions are not sensitive to the steps. Therefore, one can assume the numerical convergence and the numerical stability of the finite difference scheme for Eq. Figure 8 illustrated the time series of both displacement and velocity at the tip of the beam. The cantilever will oscillate periodically after a short transition time, known as the steady-state motion. The response amplitude A n is defined as half of the maximum displacement subtracted by the minimum displacement for the steady-state motion, so as to alleviate the error produced in the numerical solutions.
The first step is to measure validity of the natural frequencies. It is necessary for the free vibration to let α = b = 0 in Eq. (41). The resulting numerical schemes are with different boundary conditions. And a higher precision is also in demand. Let the time step be 0.0000001, the spatial step be 0.02, the initial deflection be 0.0001, and the initial speed be 0. The time history of the displacement among the first 10 s can be obtained with the parameters C m = 0.5084, l = 0.004167, given mass ratio η and magnetic spacing d 0 . Then application of the discrete Fourier transform (DFT) to these time histories will yield numerical values of the first two natural frequencies. Figure 9 show both the theoretical results (different types of lines) and the numerical results (large solid dots) of first two natural frequencies. The comparisons demonstrate that the natural frequencies based on the numerical solutions agree well with the theoretical ones. The good agreements of the theoretical and the numerical values of the frequencies indicate the numerical convergence and the numerical stability of the finite difference scheme in the present initial-boundaryvalue problem. While solving the frequency response curve using the method of multiple scales, a necessary consideration is those high-order terms eliminated in power series for the nonlinear magnetic force. For estimating validity of the procedure, a numerical comparison on the steady-state response is made in Fig. 10 
.).
It is clear that the frequency response curves from the truncated system go on very well with the original model, particularly in the first resonance.
For the truncated system analyzed in Sec. 3, the comparison between the steadystate responses determined respectively via the multi-scale method and the finite difference method are made for specific parameters η = 0.02, d 0 = 0.15, C m = 0.5084, α = 0.001, b = 0.0001, and l = 0.004167. For the first resonance shown in Fig. 11(a) , the analytical results are depicted by the solid lines on which an unstable proportion is defined by a dot line to express the analytical instability boundary, and the numerical results are depicted by the solid triangle calculated for the increasing frequency and the solid inverse triangle for the decreasing frequency. For the second resonance shown in Fig. 11(b) , the analytical results are depicted by the solid lines, and the numerical results are depicted by the solid dots. The theoretical analysis exhibits very good qualitative agreement with the numerical simulations. The upward frequency sweeps will yield larger peak than downward sweeps in a hard spring.
Conclusion
This investigation focuses on a tip-massed cantilever with a repulsive force of two magnets. The magnetic interaction serves as a nonlinear boundary condition of the governing equation of cantilever. The viscoelasticity in the cantilever is accounted by the Kelvin relation. The curved static equilibrium of the cantilever is explicitly determined. The method of three time scales is employed to explore the steady-state response of the cantilever under a harmonic base movement. The finite difference scheme is developed to solve the governing equation numerically and the numerical solutions validate the frequency response curves predicted by the method of multiple
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scales. The investigation yields the following main conclusions:
• It is analytically demonstrated that any mode uninvolved in the resonance has no effect on the steady-state response of the tip-massed cantilever in the primary resonance.
• The attachment of a tip permanent magnet can switch the frequency response curves between the hardening-type and the softening-type by adjusting the distance from the permanent magnet on the base.
• Attachment of the tip mass increases the response amplitude in the first mode and decreases the response amplitude in the higher order modes.
• The response amplitude increases with the excitation and decreases with the viscoelastic damping.
